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Abstract. This paper presents a new possibility of mathematical model-
ing of turbulent ﬂow with intensive self-mixing. The ﬂow is described in
this model by a family of mappings Φt,to : ω → S(t, to, ω); ω, S ⊂ R3,
t > to such that, in general, ω1 ∩ ω2 = ∅ does not imply S(t, to, ω1) ∩
S(t, to, ω2) = ∅ The model allows a new approach to certain prob-
lems of turbulent ﬂow. For example, there are possibilities to introduce
some models of turbulent chemical reactors, or description of the un-
predictable explosions of turbulence in the calm laminate ﬂow. In this
model we introduce mathematical tools that allow deﬁnition of various
mixing states of the ﬂuid. It is possible to formulate, in appropriate
mathematical language, the idea that the given ﬂuid can have various
mixing states. It is also possible to determine the inﬂuence of a given
mixing state on the ﬂow parameters such as velocity ﬁeld and density.
Mathematics Subject Classiﬁcation. 76A02, 76F02, 76F25.
Keywords. Turbulence, nonlinear integrodiﬀerential systems, ﬂuid dy-
namics.
1. General features of the model
For the balls
ωε(x) = {y ∈ R3 : |y − x| < ε}, ε > 0,
consider the sets Vε(x, t) ⊂ R3 of velocities of ﬂuid particles moving at
time t in ωε(x). The velocity sets may be measured. The laminar model and
our model may be shortly characterized in the following way.
Laminar model
(1) The ﬂow is described by a family of regular invertible mappings (diﬀeo-
morphisms):
Φt,to : ω → S(t, to, ω); ω, S(t, to, ω) ⊂ R3, t > to,
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where S(t, to, ω) is the set containing at t > to the whole ﬂuid contained
at to in ω, and no other one. It means that the ﬂuid contained in ω at the
time t does not mix with any ﬂuid in the neighbourhood, and keep for ever
its identity.
(2) There exists the Euler velocity ﬁeld v(x, t),





Φt,to : ω → S(t, to, ω)
describing the ﬂow are not invertible. The set S(t, to, ω) is the minimal set
containing at time t > to the whole ﬂuid m(ω, to), but it may contain another
ﬂuid portions.
(II) Instead of the Euler velocity ﬁeld (1.1), we assume only the existence
of the velocity ﬁeld sets
V(x, t) ⊂ R3
such that for numbers Δ > 0, ε > 0 small enough the following approximation
S(t+Δ, t, ωε(x)) ≈ x+ΔV(x, t) (1.2)
holds in the sense of measure.
Based on assumptions (I) and (II), we can formulate the integral conser-
vation laws of mass, impulse, energy and impulse momentum. Moreover, we
obtain the equivalent closed integrodiﬀerential system. In this way we obtain
a model of ﬂuid ﬂow in which diﬀerent ﬂuid portions are mixed and loosing
their identity.
To this end, we have to introduce ﬁrst the notion of the physical α-
quantities. We begin with the deﬁnition of the α-density. This is a nonnegative
function
 : R7 → R,  = (x, t, α)
{
> 0, α ∈ V(x, t),
= 0, α ∈ R3\V(x, t)










(x, t, α) dx dα,
(x, t) = κ
∫
V(x,t)
(x, t, α) dα,
where (x, t) is the usual density, and κ > 0 is some scaling constant.
We construct an approximation of (x, t, α) explaining its physical sense.
The sets
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where Δ > 0, ε > 0 small enough, are the minimal sets that contain at time
t+Δ the whole ﬂuid ﬁlling up ωε(x) at time t. This ﬂuid in S(t+Δ, t, ωε(x))
at t+Δ has the density
g(y) for y ∈ S(t+Δ, t, ωε(x)).

























and we obtain the following approximation of the α-density:
(x, t, α) ≈
{
g(x+Δα), α ∈ V(x, t),








In our model we use the general notion of the α-quantity. For example, we
deﬁne the α-impulse as α(x, t, α), so that the impulse of the ﬂuid portion
m(ω, t) is equal to





α(x, t, α) dx dα.
Given the α-quantities, we may obtain the observed mean Euler velocity
v(x, t) of the ﬂow:







α(x, t, α) dα∫
R3
(x, t, α) dα
.
In almost all physical situations one may take some ball A ⊂ R3, for which
we know that (x, t, α) = 0 for α ∈ R3\A, and we may integrate over A only.
2. The mass conservation law
We have to introduce the ﬂuid portions m(ω, a, t), a ⊂ A, which are parts of
the ﬂuid in ω moving at time t with velocities α ∈ a ⊂ A. We have





(x, t, α) dx dα, |m(ω,A, t)| = |m(ω, t)|.
Moreover, we introduce the mass mixer :
M : R10 → R, M = M(x, t, α, β),
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which describes the following mixing processes:








b\aM(x, t, α, β) dx dα dβ








a\bM(x, t, α, β) dx dα dβ
(2.1)
In the mixing process if one of the portions m(ω, a, t) or m(ω, b, t) is
underlined, then it means that we ask amount of mass (positive or negative
equal to the integrals in the frames on the right) which is transported to the
underlined portion in the unit time . It turns out that
M(x, t, α, β) = −M(x, t, β, α).
The following three mixing processes (2.2), (2.3), (2.4) should be taken into
account in the mass conservation law for the portion m(ω, a, t), where a ⊂ A:
m(ω, a, t) ⇐⇒ m(ω,A\a, t), (2.2)
m(ω, a, t) ⇐⇒ m(R3\ω, a, t), (2.3)
m(ω, a, t) ⇐⇒ m(R3\ω,A\a, t). (2.4)
The amount of mass transported in the unit time in this processes to




















〈n(x), B(x, t, α, β)〉 dx dα dβ, (2.7)
where n(x) is the external normal unit vector to the boundary ∂ω.
In (2.2) we used the properties (2.1) of the mass mixer M(x, t, α, β). We
consider the process (2.3) like in the laminar model without any mixer, so as
in this process we have on both sides of the boundary ∂ω, ﬂuids with the same
kinematical characteristics. In the process (2.3) we take into account the mass
transport of the diﬀusion type with the constant E > 0. The process (2.4) is a
mixing process of two ﬂuid portions with diﬀerent kinematical characteristics
across the boundary ∂ω. Therefore, we have to introduce the boundary mass
mixer B:
B : R10 → R3, B = B(x, t, α, β).
It describes the amount of mass transported in the unit time to m(ω, a, t) in
the process (2.4).
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Finally, taking together (2.5), (2.6) and (2.7), we obtain the following
















dx dα = 0,
(2.8)
where ω ⊂ R3, a ⊂ A. We shall use the following simple Localization Theo-
rem.
Localization Theorem. Let D : R7 → R and F : R10 → R be continuous





D(x, t, α) +
∫
A\a
F (x, t, α, β) dβ
]
dx dα = 0, (2.9)
where ω ⊂ R3, a ⊂ A, is equivalent to the following system of equations:
D(x, t, α) +
∫
A
F (x, t, α, β)dβ = 0, x ∈ R3, α ∈ A, (2.10)
F (x, t, α, β) + F (x, t, β, α) = 0, x ∈ R4, α, β ∈ A. (2.11)
Applying this theorem to the integral conservation law (2.8), we obtain
the following integrodiﬀerential system equivalent to the integral law:







divxB(x, t, α, β)−M(x, t, α, β)
]
dβ = 0, x ∈ R3, α ∈ A,
divxB(x, t, α, β)−M(x, t, α, β)
+ divxB(x, t, β, α)−M(x, t, β, α) = 0, x ∈ R3, α, β ∈ A.
(2.12)
3. The impulse conservation law
We introduce the following impulse mixer J(x, t, α, β). It is the function
J : R10 → R3, J(x, t, α, β) = αM(x, t, α, β) + i(x, t, α, β),
where αM(x, t, α, β) describes the transport of impulse caused by the mass
transport, and i(x, t, α, β) describes other types of impulse changes. The phys-
ical sense of the mixer J(x, t, α, β) is the following. The mixer J(x, t, α, β)
describes the amount of impulse transported in a unit time to the portion
m(ω, a, t) in the process
m(ω, a, t) ⇐⇒
a,b⊂A
m(ω, b, t).






J(x, t, α, β) dx dα dβ. (3.1)
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On the one hand, the change of the impulse in a unit time in the portion






α(x, t, α) dx dα.
On the other hand, this change is equal to the force acting on m(ω, a, t). This
force is the sum of the following forces:
The forces acting on m(ω, a, t)
by ﬂuid portions: m(ω,A\a, t),
m(R3\ω, a, t), m(R3\ω,A\a, t)
+
The external forces acting
on m(ω, a, t)
Let us determine these forces. The forces acting on m(ω, a, t) are equal
to the amount of impulse transported in a unit time to m(ω, a, t).
In the process
m(ω, a, t) ⇐⇒ m(ω,A\a, t)
(according to the deﬁnition of the impulse mixer) the amount of impulse






J(x, t, α, β) dx dα dβ.
In the process
m(ω, a, t) ⇐⇒ m(R3\ω, a, t)







[〈α, n(x)〉(x, t, α)− E〈n(x), gradx〉] dx dα.
In the process
m(ω, a, t) ⇐⇒ m(R3\a,A\a, t)








JB(x, t, α, β)n(x) dx dα dβ,
where we introduced the boundary impulse mixer JB(x, t, α, β). It is a matrix
JB : R
10 → R3×R3. Finally, let us take into account the processes (2.2), (2.3),
(2.4), and the external forces. Then, after changing the surface integrals into
volume ones, we obtain the following integral form of the impulse conservation





∂tα(x, t, α) + α











dx dα = 0,
(3.2)
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where ω ⊂ R3, a ⊂ A and





f(x, t, α) dx dα
is the external force acting on m(ω, a, t). In the case of the earth gravitation
ﬁeld, we have
f(x, t, α) = g(x, t, α), g = const.
Applying the Localization Theorem to (3.2), we obtain the following inte-
grodiﬀerential system equivalent to the integral impulse conservation law:
(3.3).
∂tα(x, t, α) + α







J(x, t, α, β)− divxJB(x, t, α, β)
]
dβ
+ f(x, t, α), x ∈ R3, α ∈ A,
J(x, t, α, β) + J(x, t, β, α)
− divx
[
JB(x, t, α, β) + JB(x, t, β, α)
]
= 0, x ∈ R3, α, β ∈ A.
(3.3)
4. The energy conservation law
Let us introduce the α-inner energy of the ﬂow. This is a function
ε : R7 → R, ε = ε(x, t, α),
ε(x, t, α) = 0 for α ∈ A\V (x, t).
Denote by e(ω, a, t) the inner energy of the ﬂuid portion m(ω, a, t). Then the
physical sense of the α-energy is explained by the formula





ε(x, t, α)(x, t, α) dx dα.










e(x, t, α)(x, t, α) dx dα.
Hence, we get
ε(x, t)(x, t) = κ
∫
A
ε(x, t, α)(x, t, α) dα. (4.1)
The force F (ω, a, t) acting on the portion m(ω, a, t) is equal to the in-
crease of the impulse of m(ω, a, t) in the unit time. Hence, from the impulse
conservation law we obtain





E(x, t, α) dx dα,
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where










[− 〈α, gradx〉+ EΔx]+ f(x, t, α).
The increase of the energy of the portion m(ω, a, t) in the unit time is
equal to the power due to the force F (ω, a, t). Let us evaluate it. Divide ω
and a into small parts Δω ⊂ ω and Δa ⊂ a, and notice that F (ω, a, t) acts on
m(ω, a, t) in such a way that on the small parts m(Δω,Δa, t) ⊂ m(ω, a, t),
the following forces are acting:





E(x, t, α) dx dα.
The power due to F (ω, a, t) is the sum of the powers P (Δω,Δa, t) due to the
forces F (Δω,Δa, t), where Δω ⊂ ω and Δa ⊂ a. For ox ∈ Δω, oα ∈ Δa, we
obtain the following approximation for small Δt:
P (Δω,Δa, t) ≈ 1
Δt









= κ|Δω| |Δa|〈 oα,E(ox, t, oα)〉.
Finally, for the whole power P (ω, a, t) due to the force F (ω, a, t), we obtain
P (ω, a, t) =
∑
Δω⊂ω,Δa⊂a





〈α,E(x, t, α)〉 dx dα.














dx dα = 0,
(4.2)
where ω ⊂ R3, a ⊂ A. Putting a = A and taking into account (4.1), we









〈α, f〉 − |α|2
(






In this way, one determines the mean inner energy ε(x, t) for a given
α-density (x, t, α).
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Applying the Localization Theorem to (4.2), we obtain the following
integrodiﬀerential system equivalent to the integral energy conservation law:
∂t
[
ε(x, t, α)(x, t, α) + |α|2 
2
]






[〈α, J(x, t, α, β)− divxJB(x, t, α, β)〉] dβ
+
〈
α, f(x, t, α)
〉
, x ∈ R3, α ∈ A,
〈




β, J(x, t, β, α)− divxJB(x, t, β, α)
〉
= 0, x ∈ R3, α, β ∈ A.
(4.4)
5. The impulse momentum conservation law
Applying the principle
The derivative ∂t of the impulse momentum
= The momentum of acting forces
and our impulse conservation law, we can formulate the impulse momentum
conservation law for the ﬂuid portion m(ω, a, t).
If we denote F ∧H = ((F ∧H)1, (F ∧H)2, (F ∧H)3) for F,H ∈ R3, then
we obtain the following integrodiﬀerential system equivalent to the integral
impulse momentum conservation law:
∂t(x ∧ α)j = divx
[
E(x ∧ α)jgradx− α(x ∧ α)j







x ∧ J(x, t, α, β))
j
+ ∂x1(x ∧ h1)j + ∂x2(x ∧ h2)j
+ ∂x3(x ∧ h3)j
]
dβ, j = 1, 2, 3, x ∈ R3, α ∈ A,
(




x ∧ h1(x, t, α, β))
j
+ ∂x2(x ∧ h2)j + ∂x3(x ∧ h3)j
+
(




x ∧ h1(x, t, β, α))
j
+ ∂x2(x ∧ h2)j
+ ∂x3(x ∧ h3)j = 0, j = 1, 2, 3, x ∈ R3, α, β ∈ A,
(5.1)
where the matrix JB is denoted as
JB(x, t, α, β) = (h
i
j), h




3), i, j = 1, 2, 3.
6. The constitutive relation and the full closed system
of the model
In order to formulate the constitutive relation, let us express approximately
the boundary mixer B(x, t, α, β) as a function of the mixer M(x, t, α, β). To
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y : |y − x| < ε},
Dεω = ∂εω\ω ⊂ R3\ω, dεω = ∂εω ∩ ω ⊂ ω,
where ε is a positive small number.
Consider the two following complex mixing processes (6.1) and (6.2).
These processes, taken together, give us an approximation of the process (2.4):
(a) m(Dεω,A\a, t) ⇐⇒ m(Dεω, a, t),
(b) m(Dεω, a, t) ⇐⇒ m(ω, a, t). (6.1)
The complex process (6.1) gives us
m(Dεω,A\a, t) ⇐⇒ m(ω, a, t).
This process represents a part of the process (2.4). The second complex pro-
cess is of the form
(a) m(dεω, a, t) ⇐⇒ m(dεω,A\a, t),
(b) m(dεω,A\a, t) ⇐⇒ m(R3\ω,A\a, t).
(6.2)
This complex process gives us
m(dεω, a, t) ⇐⇒ m(R3\ω,A\a, t).
Hence the complex processes (6.1) and (6.2) represent together an approxi-
mation of the process
m(ω, a, t) ⇐⇒ m(R3\ω,A\a, t).
Let us analyse more precisely the processes (6.1) and (6.2).
The process (6.1). The amount of the mass transported in the unit time in






M(x, t, α, β) dx dα dβ.







M(x, t, α, β) dα dβ
and





M(x, t, α, β) dβ.
The process (6.1)(b) is of the type (2.3). In the description of the pro-
cess (2.3) if we replace (x, t, α) with 1κ
∫
A\aM(x, t, α, β) dβ, neglecting for
simplicity the mass transport of diﬀusion type, we obtain that the amount
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n(x), αM(x, t, α, β)
〉
dx dα dβ.
The process (6.2). The density of the mass transported in the unit time in






M(x, t, α, β)dα dβ, x ∈ dεω,
and the α-density of this mass is equal to





M(x, t, α, β) dβ, x ∈ dεω, α ∈ A\a.
The process (6.2)(b) is of the type (2.3), but in the opposite direction
from ω to R3\ω. Hence neglecting for simplicity the mass transport of dif-
fusion type, the amount of mass transported in the unit time in the process























n(x), βM(x, t, α, β)
〉
dx dα dβ.
In the ﬁnal description of the mass transport to m(ω, a, t) in the pro-
cess (2.4) we have to take the last expression with a minus sign because it de-
scribes the mass leaving ω. Considering together the complex processes (6.1)
and (6.2), we see that the amount of mass transported in the unit time in










n(x), αM(x, t, α, β) + βM(x, t, β, α)
〉
dx dα dβ.
Hence we obtain the following approximated expression for the boundary
mixer:
B(x, t, α, β) ≈ αM(x, t, α, β) + βM(x, t, β, α). (6.3)
We have the integrodiﬀerential system of 16 equations: (2.12)—2 equa-
tions (the mass conservation law), (3.3)—6 equations (the impulse conserva-
tion law), (4.4)—2 equations (the energy conservation law), (5.1)—6 equa-
tions (the impulse momentum conservation law). The system contains 18
unknown functions, α-quantities, and mixers:
, ε,M,B1, B2, B3, J1, J2, J3, J
i
Bj ; i, j = 1, 2, 3.
Based on relation (6.3), we introduce the following constitutive relation:
B(x, t, α, β) =
[
αM(x, t, α, β) + βM(x, t, β, α)
]
b(x, t, α, β), (6.4)
470 M. Burnat JFPTA
where
b : R10 → R, b = b(x, t, α, β),
is a new unknown function. In this way we reduce the number of the unknown
functions to 16, and we obtain the general closed system of the model.
7. Simpliﬁed models
The full integrodiﬀerential system of the model is very complicated and we
are forced to seek some simpliﬁed models. There exist many possibilities of
such simpliﬁcation. We shall give here the simplest of them. The main idea
is to suggest some special form of the mass mixer M(x, t, α, β), for example
M(x, t, α, β) = Φ(α, β)μ(x, t, α, β), (7.1)
where Φ(α, β) > 0, Φ(α, β) = Φ(β, α),
Φ(α, β) = cos
ϑ
2
, ϑ is the angle between α and β,
μ(x, t, α, β) =
⎧⎨
⎩
(x, t, α)r(Dd) for d = |β|(x, t, β)− |α|(x, t, α) ≥ 0,
(x, t, β)r(Dd) for d = |β|(x, t, β)− |α|(x, t, α) ≤ 0,






for d ≥ 0,
− d
1− d for d ≤ 0.
A short justiﬁcation of this form of the mixer M(x, t, α, β) is as follows.
Consider for α, β ∈ A two small ﬂuid portions approximately moving with
the velocities α and β. The mixer M(x, t, α, β) describes the amount of mass
(positive or negative) transported in the unit time from β to α. Hence for the
mixer (7.1), if d = |β|(x, t, β) − |α|(x, y, α) ≥ 0, then the portion moving
with velocity α loses (in the unit time), in favour of the portion moving with





If d = |(β)|(x, t, β) − |α|(x, t, α) ≤ 0, then the mass of a portion moving
with the velocity β loses (in the unit time), in favour of the portion moving





Our simplest model is based on the following assumptions.
(1) We neglect the mixing process (2.4) putting B(x, t, α, β) = 0.
(2) We introduce the form (7.1) of the mass mixer M(x, t, α, β), deﬁning
in this way the mixing state of the ﬂuid. This is closely related to the
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impulse conservation law, so our mixer (7.1) decides how the impulse
situation governs the mixing process.
(3) In the simpliﬁed model, since B(x, t, α, β) = 0, the mass conservation
law takes the following form:






M(x, t, α, β) dβ, x ∈ R3, α ∈ A. (7.2)
(4) We use the energy conservation law in the form (4.3). The solution
(x, t, α) of the closed system (7.2) and the thermodynamical state equa-
tion p = f(ε, ) allow to construct the Euler parameters v(x, t), (x, t),
ε(x, t), p(x, t).
Notice that one may consider many diﬀerent forms of mass mixers
M(x, t, α, β). For example, we may introduce some thermodynamical or elec-
trodynamical parameters to the deﬁnition of M(x, t, α, β).
Observe that for the ﬂow described by the α-quantities, the construction
of the sets
S(t, to, ω) = Φt,to(ω)
must be based on the following relations:






, τ ≥ to, ωδ = {y : |y − x| < δ};
hence the smaller Δ > 0 is, the better approximation we get. The value of
Δ > 0 should be chosen according to the properties of the sets V(x, t), t ≥ 0,
that appear in the initial and boundary conditions. If V(x, t) changes in x, t
rapidly, then we have to take Δ > 0 small enough otherwise Δ > 0 may be
larger.
The question of determination of parameters







is as follows. First we must realize that without strict deﬁnition of κ, the
system (7.2) and the model are not fully deﬁned. Taking κ = const larger or
smaller, we decide that the mixing in the ﬂow considered will be in some way
larger or smaller, respectively.
For instance, this may be seen in our condition
S(t+Δ, t, ωε) ≈ x+ΔV(x, t).
The right-hand side does not depend on ε. Hence, for large κ and small ε the
set ωε is very small, and the very small mass portion m(ωε, t) must be spread
on the set x+ΔV(x, t) which does not depend on ε.
The ﬁrst numerical experiments for our simpliﬁed model may be found
in [6].
472 M. Burnat JFPTA
References
[1] J. Baldyga and M. Burnat, Model of turbulent mixing and its application to
simulation of inﬂuence of turbulent mixing on the course of chemical reactions.
In preparation.
[2] F. Bellet, F. S. Godeferd, J. F. Scott and C. Cambon, Wave turbulence in
rapidly rotating ﬂows. J. Fluid Mech. 562 (2006), 83–121.
[3] Y. Brenier, A homogenized model for vortex sheets. Arch. Ration. Mech. Anal.
138 (1997), 319–353.
[4] M. Burnat, S. Kurowski, M. Penczek and J. Wierzbicki, Model of non-laminar,
low-temperature plasma ﬂow with intensive self-mixing. Contrib. Plasma Phys.
25 (1985), 553–565.
[5] M. Burnat and K. Moszyn´ski, On some problems in mathematical modeling of
turbulent ﬂow. J. Tech. Phys. 48 (2007), 171–192.
[6] K. Moszyn´ski, Simpliﬁed non-Navier-Stokes model of turbulent ﬂow and its ﬁrst
numerical realization in 2D. Preprint No. 210, University of Warsaw, Institute
of Applying Mathematics and Mechanics, 2011.
[7] F. Y. Moulin and J.-B. Flo´r, Vortex-wave interaction in a rotating stratiﬁed
ﬂuid: WKB simulations. J. Fluid Mech. 563 (2006), 199–222.
M. Burnat
Institute of Applied Mathematics and Mechanics
University of Warsaw
Banacha 2, 02-097 Warszaw
Poland
e-mail: k.burnat@nencki.gov.pl
Open Access This article is distributed under the terms of the Creative Commons Attribution License 
which permits any use, distribution, and reproduction in any medium, provided the original author(s) 
and the source are credited.
